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We propose a general approach to construct symmetry protected topological (SPT) states (ie the
short-range entangled states with symmetry) in 2D spin/boson systems on lattice. In our approach,
we fractionalize spins/bosons into different fermions, which occupy nontrivial Chern bands. After
the Gutzwiller projection of the free fermion state obtained by filling the Chern bands, we can
obtain SPT states on lattice. In particular, we constructed a U(1) SPT state of a spin-1 model, a
SO(3) SPT state of a boson system with spin-1 bosons and spinless bosons, and a SU(2) SPT state
of a spin-1/2 boson system. By applying the “spin gauge field” which directly couples to the spin
density and spin current of Sz components, we also calculate the quantum spin Hall conductance
in each SPT state. The projective ground states can be further studied numerically in the future
by variational Monte Carlo etc.
PACS numbers:
I. INTRODUCTION
Recently, quantum entanglement becomes an impor-
tant concept and a powerful tool in the fields of quan-
tum information and quantum many-body systems.1,2
A long-range entangled state (LRE) can not be de-
formed to a direct product state by any local unitary
(LU) transformation.3–5 The fractional quantum Hall ef-
fect (FQHE)6 is a concrete example of LRE and has
been considered as an example of intrinsic “topological
order”.7–9 If a gapped quantum state is short-range en-
tangled (SRE), one can always deform it to a spatially
direct product state by a LU transformation3. So a
SRE state is trivial. But if a SRE state is invariant
under some symmetry group G, then it can be nontriv-
ial (even if it does not break any symmetry). This be-
cause for some symmetric SRE states, there is no way to
locally deform the states into direct product states un-
less one explicitly breaks the symmetry in LU procedure.
We call such SRE states “symmetry-protected topolog-
ical phases” (SPT).3–5 Topological insulators10 (TI) be-
longs to fermionic SPT protected by Z2 time reversal
symmetry and U(1) particle number conservation. On
the other hand, if a gapped symmetric quantum state is
long-range entanglements, it will be called “symmetry-
enriched topological state” (SET).
Group theory has been successfully utilized in analyz-
ing symmetry-breaking phases. Recently, it was shown
that group cohomology with U(1) coefficient can be uti-
lized in describing SPT phases systematically.3 A con-
crete SPT phase is the 1D Haldane phase with SO(3)
symmetry where integer spin is a faithful representation
of SO(3) symmetry. It is known that the spin-1 antifer-
romagnetic chain is semiclassically (in large spin-S ex-
pansion) described by a nonlinear sigma model (NLSM)
with 2π topological theta term. The two boundaries are
occupied by two dangling free 1/2 spins which are pro-
tected by SO(3) symmetry and contributes to fourfold
degeneracy.
It is interesting that, by using group cohomology the-
ory, one can construct exactly solvable lattice models
which realize specific SPT phases respecting given sym-
metry groups3,11,12. Along this line, some interesting lat-
tice models of bosonic SPT phases with discrete symme-
try groups have been proposed in literatures. For contin-
uous symmetry group, however, the solution of cocycle
construction in group cohomology is more difficult math-
ematically. 2D SPT phases with U(1) symmetry13,14 and
with SO(3) and with SU(2) symmetries15 are studied us-
ing Chern-Simons field theory and Wess-Zumino-Witten
(WZW) field theory.16–18 But, a concrete lattice model
for realizing those SPT phases is much desired, which is
more physical than continuum field theory description.
Instead of directly constructing exactly solvable mod-
els, in this paper, we present an effective approach to re-
alize SPT phases on 2D lattice. Our approach is based on
the projective construction of strongly correlated bosonic
or spin systems,19–30. In this construction, bosons/spins
are fractionalized into several fermions which form some
mean-field states before projection. The projection can
be done by considering the confined phase of internal
gauge fields which glue the fermions back into bosons/
spins. Recently, bosonic topological insulators (a bosonic
SPT with U(1)⋊ZT2 symmetry group where U(1) is parti-
cle number conservation and ZT2 is time-reversal symme-
try) on 3D lattice are constructed in this way31. In the
present paper, we shall consider 2D SPT systems with
continuous symmetry groups. We assume that fermions
occupy several independent nontrivial Chern bands re-
spectively. After the Gutzwiller projection of the free
fermion state obtained by filling the Chern bands, we
can obtain SPT states on lattice. We have constructed
a U(1) SPT state, a SO(3) SPT state, and a SU(2) SPT
state using the projective construction.
2II. U(1) SPT STATES IN SPIN-1 LATTICE
MODEL
A. mean-field ansatz
In this section, we are going to construct a SPT phase
with U(1) symmetry on lattice.3,13,14,32 Such a state has
been obtained by several other constructions.33–36 Our
lattice model is a spin-1 model on a honeycomb lattice,
with 3 states, |m〉, m = 0,±1, on each site. We can view
our spin-1 model as spin-1/2 hardcore-boson model with
|m = 0〉 state as the no-boson state (or two bosons with
different spins) and |m = ±1〉 state as the one-boson
state with spin-up or spin-down.
In a fermionic projective construction, we write the
bosonic operators as
bα,i = fα,ic
(s)
i , α =↑, ↓, (1)
where, f↑, f↓ are two fermions with spin-↑ and spin-↓.
s = 1, 2 is the orbital index of c fermions. c
(1)
i and c
(2)
i
are annihilation operators of c fermions in two orbitals of
c fermions at site-i, respectively. The nature of hard-core
is implied by (bα)
2 = 0. In this projective construction
where bosons do not carry s-index, we note that creating
a boson with spin-α is identical to creating one f fermion
with spin-α and creating one c fermion of any possible
orbital. The purpose of enlarging orbital number of c
fermions is to satisfy the particle number constraint as
we shall show below.
The identity (1) is not an operator identity. Rather,
the matrix elements of the two sides in the physical
Hilbert space are identical to each other. The physi-
cal Hilbert space we consider is three-dimensional spin-
1 space (|mi = 0,±1〉) at any site-i. In terms of
fermions, each spin state can be constructed by two dif-
ferent fermionic states:
m = 0 state : |0〉 and f †i↑c
(1)†
i f
†
i↓c
(2)†
i |0〉 , (2)
m = 1 state : f †i↑c
(1)†
i |0〉 and f
†
i↑c
(2)†
i |0〉 , (3)
m = −1 state : f †i↓c
(1)†
i |0〉 and f
†
i↓c
(2)†
i |0〉 , (4)
where, |0〉 denotes vacuum with no particles. For exam-
ple, the state at site-i is |mi = 1〉 if one f↑ fermion and
one c(1)-fermion occupy the site, or, if one f↑-fermion
and one c(2)-fermion occupy the site. Therefore, the
three-dimensional spin space is actually a six-dimensional
Hilbert space in terms of fermions and each of spin states
is constructed by equal number of f fermions and c
fermions, which is the particle number constraint imple-
mented by the present fermionic projective construction.
This can be also seen clearly by noting that the projec-
tive construction in Eq. (1) introduces an internal gauge
field Aµ that is responsible for gluing f and c fermions
together to form a hard-core boson. By choice of con-
vention, both of f↑ and f↓ (c
(1) and c(2)) carry +1 (−1)
gauge charge of Aµ. As a result, by integrating out the
temporal component A0, the above particle number con-
straint on particle numbers is obtained.
Therefore, we can start with a many-fermion state of
fi,α and ci, |Ψ〉, and obtain a physical spin state |Φ〉 by
projecting into the sub-space with equal f fermions and
c fermions on each site:
|Φ〉 = P |Ψ〉. (5)
Using such a projective construction, we would like to
construct a U(1) SPT state on a honeycomb lattice. The
projection operator P is given by:
P =
∏
i
(
|mi = +1〉
(
〈i, ↑ , (1)|+ 〈i, ↑ , (2)|
)
+ |mi = −1〉
(
〈i, ↓ , (1)|+ 〈i, ↓ , (2)|
)
+ |mi = 0〉
(
〈i, 0|+ 〈i, ↑, (1), ↓, (2)|
))
(6)
where, |i, α , (s)〉 denotes f †iαc
(s)†
i |0〉.
Let us consider the following free fermion Hamiltonian
on a honeycomb lattice
HMF =
∑
i,j
[
f
†
jUjifi + c
†
jVjici
]
, (7)
where, f ≡ (f↑, f↓)
T , c ≡ (c(1), c(2))T , and, Uji are 2× 2
matrices satisfying
U †ji = Uij , (8)
and Vji:
V †ji = Vij . (9)
Let |Ψ〉 be the lowest energy state of the above free
fermion Hamiltonian. Then |Φ〉 = P |Ψ〉 will be a
spin/boson state induced by the above free fermion
Hamiltonian. We say that such a spin/boson state is
described by the ansatz Uji and Vji.
To construct a SPT state using the above projective
construction, we choose the ansatz Uij to be
37
Uij = t0σ
0, ij = nearest neighbour (NN) links (10)
Uij = iνijtσ
3 , ij = next nearest neighbour (NNN) links,
where, the complex number vij is
vij = t0, ij = NN links (11)
vij = iνijt, ij = NNN links,
Here, t0, t are hopping energies of NN and NNN respec-
tively. σ0 is a two-dimensional identical matrix, σ1,2,3
are three usual Pauli matrices. νij = + if the fermion f
makes a right turn going from j to i on the honeycomb
lattice, and νij = − if the fermion f makes a left turn.
In this ansatz, each of f↑ , f↓ contains two bands (due to
the two independent sites per unit cell of the honeycomb
3lattice) with a gap at zero energy. Each lower band has a
Chern number +1 for the f↑-fermions and a Chern num-
ber −1 for the f↓-fermions. Let’s fill the lower band of f↑
and the lower band of f↑ completely, such that each unit
cell is filled with one f↑ and one f↓ fermion respectively.
For c-fermions, each unit cell contains four bands due
to two independent sites of honeycomb lattice and two
orbitals at each site. In order that the particle number
constraint between f and c fermions is satisfied at least in
mean-field level, an appropriate design of the two by two
matrix Vij leads that the two lower bands are filled and
the total Chern number of these two bands (i.e. summa-
tion of the two Chern numbers of the two bands) is equal
to +1. Now, each unit cell contains one f↑, one f↓, and
two c fermions.
B. Effective field theory
In the following, we will show that |Φ〉 = P |Ψ〉 is a
bosonic SPT state protected by the U(1) symmetry (gen-
erated by Sz). First, from the free fermion Hamiltonian,
we see that the ground state state |Ψ〉 respects the Sz spin
rotation symmetry generated by Sz. The fα-fermions
form a “spin Hall” state described by U(1)×U(1) Chern-
Simons theory
L =
1
4π
(a↑µ∂νa↑λǫ
µνλ − a↓µ∂νa↓λǫ
µνλ)
+
1
2π
Aspinµ ∂ν(a↑λ − a↓λ)ǫ
µνλ
=
1
4π
KIJaIµ∂νaJλǫ
µνλ +
1
2π
qIA
spin
µ ∂νaIλǫ
µνλ (12)
with I, J = 1, 2 and
K =
(
1 0
0 −1
)
, q =
(
1
−1
)
. (13)
The coupling gauge charges of f↑ and f↓ in q-vector are
+1 and −1 since ↑ and ↓ are related to the two spin-
ful states of the physical spin-1 operator at each site.
Here the “spin gauge field” Aspinµ is the gauge potential
that directly couples to the Sz spin density and current,
which is different from the definition of conventional spin
Hall effect where the applied external gauge field is the
electromagnetic field. Therefore, this “spin Hall” mean-
field ansatz for f fermions has no spin Hall conductance
( 12pi q
TK−1q = 0) in the present definition, although it
is nonzero ( 12pi (1, 1)K
−1q = 2 × 12pi ) if external electric
field (composed by electromagnetic gauge potential) is
the probe field instead. Since the U(1) global symmetry
which defines the U(1) SPT discussed here is the spin ro-
tational symmetry, it is physically natural to gauge this
U(1) global symmetry (the corresponding gauge poten-
tial is nothing but Aspinµ ) and discuss its response theory
to diagnose SPT physics. In the whole paper, we shall
apply the spin gauge field Aspinµ to probe the intrinsic
quantum spin Hall response phenomenon.
The c fermions form an “integer quantum Hall” state
described by U(1) Chern-Simons theory
L =
1
4π
bµ∂νbλǫ
µνλ (14)
Thus the total effective theory is given by
L =
1
4π
KIJaIµ∂νaJλǫ
µνλ +
1
2π
qIA
spin
µ ∂νaIλǫ
µνλ
+
1
4π
bµ∂νbλǫ
µνλ (15)
The projection P is done by setting the total fα-fermion
density-current, Jfµ =
1
2pi∂ν(a↑λ + a↓λ)ǫ
µνλ, equal to the
c fermion density-current, Jcµ =
1
2pi∂νbλǫ
µνλ.38,39 After
setting bλ = (a↑λ + a↓λ), we reduce the effective theory
to
L =
1
4π
K¯IJaIµ∂νaJλǫ
µνλ +
1
2π
qIA
spin
µ ∂νaIλǫ
µνλ (16)
with
K¯ =
(
2 1
1 0
)
, K¯−1 =
(
0 1
1 −2
)
. (17)
Since |det(K¯)| = | − 1| = 1,Eqn. (16) is the low energy
effective theory for the spin/boson state |Φ〉 = P |Ψ〉 af-
ter the projection. Such a low energy effective theory
describes a U(1) SPT state with an integer Hall conduc-
tance (U(1) is spin rotation symmetry of spin-1 along
z-axis)
σxy = q
T K¯−1q
1
2π
= −4
1
2π
. (18)
We note that the spin Hall conductance is an even integer
in the unit of 12pi .
III. SO(3) SPT STATES IN A LATTICE MODEL
WITH SPIN-1 BOSONS AND SPINLESS BOSONS
A. mean-field ansatz
SO(3) SPT phases were firstly studied in Ref.15 where
field theoretic approach is applied. The bulk is described
by SO(3) principal chiral nonlinear sigma model (the field
variable g is 3 × 3 SO(3) matrix) with 2πK topological
theta term whereK (K/4 ∈ Z) completely labels distinct
SPT phases. The boundary is described by a SO(3)K
WZW term where SO(3) transformation is defined as left-
multiplication, ie g → hg with h ∈SO(3)L, such that only
left mover carries SO(3) charge and right mover is SO(3)
charge-neutral. Due to this chiral SO(3) transformation,
the boundary can not be simply replaced by a SO(3)K
WZW critical spin chain that is nonchiral.
In this section, we are going to construct a SPT phase
protected by SO(3) symmetry on lattice. Our lattice
model contain spin-1 bosons and three spin-0 bosons on
4a honeycomb lattice. Therefore, this model is a model of
many-boson, such as a cold-atom system in 2D.
In a fermionic projective construction, we write the
spin-1 bosonic operators (labeled by a spin index m =
0,±1) as
bm,i = fm,ic
(s)
i , m = 0,±1 (19)
and the three (m = 0,±1) spin-0 bosons as
b˜m,i = f˜m,ic
(s)
i , m = 0,±1 (20)
Here, s = 1, · · · , 6 is the orbital index for c fermions at
each site.
Again, we can start with a many-fermion state of fm,i,
f˜m,i and ci, |Ψ〉, and obtain a physical spin state Φ〉 by
projecting into the sub-space where the sum of the f
fermion number and the f˜ -fermion number is equal to
the c fermion number on each site:
|Φ〉 = P |Ψ〉. (21)
Using such a projective construction, we can construct a
SO(3) SPT state on a honeycomb lattice.
Let us consider the following free fermion Hamiltonian
on a honeycomb lattice
H =
∑
i,j
[
f
†
j ujifi + f˜
†
j u
∗
ji f˜i,+c
†
jVjici,
]
(22)
where, f = (f+1, f0, f−1)
T , f˜ = (f˜+1, f˜0, f˜−1)
T , c =
(c(1), c(2), c(3), c(4), c(5), c(6))T , and, uji are complex num-
bers satisfying
u∗ji = uij , (23)
To construct a SO(3) SPT state using the above pro-
jective construction, we choose the ansatz to be
uij = 1, ij = NN links (24)
uij = iνijt, ij = NNN links,
where νij = + if the fermion f makes a right turn going
from j to i on the honeycomb lattice, and νij = − if the
fermion f makes a left turn. For such an ansatz, each
of the six fermions (fm and f˜m) forms two energy bands
with a gap at zero energy and the lower one is filled. Each
lower band has a Chern number +1 for the f fermions
and a Chern number −1 for the f˜ -fermions.
The 6 by 6 matrix Vij leads to a 12 by 12 single par-
ticle Hamiltonian in momentum space for c fermions in
the honeycomb unit cell. Let’s fill the six bands from the
bottom and assume that the band gap exists between the
sixth and seventh bands. The total Chern numbers con-
tributed by the six bands is equal to +1. As a result, in
each unit cell, there are three f fermions (one for each of
the three components), three f˜ fermions (one for each of
the three components), and six c fermions, which satisfy
the particle number constraint.
B. Effective field theory
In the following, we like to show that |Φ〉 = P |Ψ〉 will
be a bosonic SPT state protected by the SO(3) symmetry
(generated by f †T lf , where T l, l = 1, 2, 3, are the 3 × 3
matrices that generate the SO(3) Lie algebra). From
the free fermion Hamiltonian, we see that the ground
state state |Ψ〉 respects the SO(3) spin rotation symmetry
generated by f †T lf . The f fermions form an “integer
quantum Hall” state described by U3(1) Chern-Simons
theory
L =
1
4π
KIJaIµ∂νaJλǫ
µνλ +
1
2π
qIA
spin
µ ∂νaIλǫ
µνλ (25)
with I, J = 1, 2, 3 and
K =

1 0 00 1 0
0 0 1

 , q =

 10
−1

 . (26)
Here Aspinµ is the gauge potential that couple to the Sz
spin density and current. The f˜ -fermions also form an
“integer quantum Hall” state with an opposite Hall con-
ductance, which is described by U3(1) Chern-Simons the-
ory
L = −
1
4π
KIJ a˜Iµ∂ν a˜Jλǫ
µνλ (27)
The c fermions form an “integer quantum Hall” state
described by U(1) Chern-Simons theory
L =
1
4π
bµ∂νbλǫ
µνλ (28)
Thus the total effective theory is given by
L =
1
4π
KIJaIµ∂νaJλǫ
µνλ −
1
4π
KIJ a˜Iµ∂ν a˜Jλǫ
µνλ
+
1
2π
qIA
spin
µ ∂νaIλǫ
µνλ +
1
4π
bµ∂νbλǫ
µνλ (29)
The projection P is done by setting the total f fermion
and f˜ -fermion density-current, Jfµ =
∑
I
1
2pi∂ν(aIλ +
a˜Iλ)ǫ
µνλ, equal to the c fermion density-current, Jcµ =
1
2pi∂νbλǫ
µνλ. After setting bλ =
∑
I(aIλ+a˜Iλ), we reduce
the effective theory to
L =
1
4π
K¯IJ a¯Iµ∂ν a¯Jλǫ
µνλ +
1
2π
q¯IA
spin
µ ∂ν a¯Iλǫ
µνλ (30)
with I, J = 1, 2, 3, 4, 5, 6 and
K¯ =


2 1 1 1 1 1
1 2 1 1 1 1
1 1 2 1 1 1
1 1 1 0 1 1
1 1 1 1 0 1
1 1 1 1 1 0

 , q¯ =


1
0
−1
0
0
0

 . (31)
5Also a¯I,µ = aIµ and a¯I+3,µ = a˜Iµ, I = 1, 2, 3. Since
|det(K)| = |−1| = 1, Eqn. (30) is the low energy effective
theory for the spin-1 boson state |Φ〉 = P |Ψ〉 after the
projection. Such a low energy effective theory describes
a SO(3) SPT state with an integer Hall conductance for
the Sz “charge”
σxy = q¯
T K¯−1q¯
1
2π
= 2
1
2π
. (32)
Again, we note that the spin Hall conductance is an even
integer in the unit of 12pi . This nontrivial quantum spin
Hall effect indicates that gapless edge Hall current is pro-
tected by U(1) subgroup of SO(3) spin rotational symme-
try. Beyond this K matrix formulation, Ref. (15) proved
that edge can not be further gapped out by keeping non-
abelian SO(3) / SU(2) symmetry, because the mass term
which gaps out the excitations will mix the left mover and
right mover and hence breaks the SO(3) / SU(2) symme-
try. To realize this result in our projective construction,
we need to further construct the same WZW theory de-
scription for edge states. We shall discuss SU(2) case in
Sec. IVC and SO(3) is similar.
IV. SU(2) SPT STATE IN A SPIN-1/2 BOSON
MODEL ON LATTICE
A. mean-field ansatz
SU(2) SPT phases were also firstly studied in Ref.15
where field theoretic approach is applied. The bulk is de-
scribed by SU(2) principal chiral nonlinear sigma model
(the field variable g is 2 × 2 SU(2) matrix) with 2πK
topological theta term where integer K labels different
SPT phases. The boundary is described by a SU(2)K
WZW term where SU(2) transformation is defined as left-
multiplication, ie g → hg with h ∈SU(2)L, such that only
left mover carries SU(2) charge and right mover is SU(2)
charge-neutral. Due to this chiral SU(2) transformation,
the boundary can not be simply replaced by a SU(2)K
WZW critical spin chain that is nonchiral.
In the following, we are going to construct a SPT phase
with a SU(2) symmetry on lattice. Our lattice model
contains spin-1/2 bosons. Using the fermionic projective
construction, we write the spin-1/2 bosonic operators (la-
beled by a spin index α and a flavor index s) as
bα,i = fα,ic
(s)
i , α =↑, ↓ (33)
where, s is the orbital index of c fermion at each site.
Let’s consider a general construction. NO (NO = 2 is
fixed in the following discussion) and NL denote the or-
bital number per site and independent site number per
unit cell, respectively. At each site, c fermions can be
viewed as a two-dimensional “pseudo-spinor”. For hon-
eycomb lattice, NL = 2. Again, we can start with a
many-fermion state of fα,i and ci, |Ψ〉, and obtain a phys-
ical spin state |Φ〉 by projecting into the sub-space where
the the f fermion number is equal to the c fermion num-
ber on each site:
|Φ〉 = P |Ψ〉. (34)
Using such a projective construction, we can construct a
SU(2) SPT state on lattice.
Let us consider the following free fermion Hamiltonian
H =
∑
i,j
[
f
†
αjujifαi + c
†
jVjici,
]
(35)
where uji and vji are complex numbers satisfying
u∗ji = uij , v
∗
ji = vij . (36)
To construct a SU(2) SPT state using the above pro-
jective construction, we choose the ansatz uij such that
f↑ and f↓ fermions form two band insulators (each of
which has NL bands, NL > 1). f↑ (f↓) fermions occupy
one Chern band with Chern number +1 (+1). We also
choose the ansatz vji such that c fermions (with two dif-
ferent ”pseudo-spins”) form a band insulator with 2NL
bands in total. The lowest two bands (each of them ad-
mits Chern number −1) are degenerate and filled by c
fermions with different pseudo-spins, respectively. Re-
cently, some efforts have been made in lattice models with
nontrivial Chern number larger than one, such as Refs.
40–43. As a result, there are in total one f↑ fermion, one
f↓ fermion and two c fermions in each unit cell, required
by the particle number constraint.
B. Spinful SU(2) SPT state with charged
superfluid
In the following, we like to show that |Φ〉 = P |Ψ〉 will
be a bosonic SPT state with the SU(2) symmetry. First,
from the free fermion Hamitonian, we see that the ground
state state |Ψ〉 respects the SU(2) spin rotation symmetry
generated by f †σlf . The f fermions form an “integer
quantum Hall” state described by U2(1) Chern-Simons
theory
L =
1
4π
KIJaIµ∂νaJλǫ
µνλ +
1
2π
qIA
spin
µ ∂νaIλǫ
µνλ (37)
with I, J = 1, 2 and
K =
(
1 0
0 1
)
, q =
(
1/2
−1/2
)
. (38)
Here ASzµ is the gauge potential that couples to the Sz
spin density and current. The c fermions form an “in-
teger quantum Hall” state described by U2(1) Chern-
Simons theory
L = −
1
4π
KIJbIµ∂νbJλǫ
µνλ (39)
6Thus the total effective theory is given by
L =
1
4π
KIJaIµ∂νaJλǫ
µνλ −
1
4π
KIJbIµ∂νbJλǫ
µνλ
+
1
2π
qIA
spin
µ ∂νaIλǫ
µνλ (40)
The projection P is done by setting the total f fermion
density-current, Jfµ =
∑
I
1
2pi∂νaIλǫ
µνλ, equal to the c
fermion density-current, Jcµ =
∑
I
1
2pi∂νbIλǫ
µνλ. After
setting b2λ = −b1λ +
∑
I aIλ, we reduce the effective
theory to
L =
1
4π
K¯IJ a¯Iµ∂ν a¯Jλǫ
µνλ +
1
2π
q¯IA
spin
µ ∂ν a¯Iλǫ
µνλ (41)
with I, J = 1, 2, 3 and
K¯ =

 0 −1 1−1 0 1
1 1 −2

 , q¯ =

 1/2−1/2
0

 . (42)
Also a¯I,µ = aIµ I = 1, 2, and a¯3,µ = b1µ. Using an
invertible integer matrix
U =

1 −1 01 0 0
1 1 1

 (43)
we can rewrite a¯Iµ as a¯Iµ = U
T a˜Iµ, and rewrite Eqn. (41)
as
L =
1
4π
K˜IJ a˜Iµ∂ν a˜Jλǫ
µνλ +
1
2π
q˜IA
spin
µ ∂ν a˜Iλǫ
µνλ (44)
where
K˜ = UK¯UT =

2 1 01 0 0
0 0 0

 , q˜ = Uq¯ =

 11/2
0

 . (45)
Eqn. (44) is the low energy effective theory for the spin-
1/2 boson state |Φ〉 = P |Ψ〉 after the projection. We
see that the mode a˜3µ is gapless. Such a gapless mode
corresponds to the total density fluctuations of the spin-
1/2 bosons, indicating that the bosons are in a superfluid
phase. But this is an unusual superfluid phase where the
spin degrees of freedom form an SU(2) SPT phase.
To see this point, let us assume that the unit cell is
large enough so that there are, on average, two spin-1/2
bosons per unit cell. In this case, when the repulsion
between the bosons is large enough, the bosons may form
a Mott insulator state. Such a Mott insulator state is
described by the confinement of a˜3µ U(1) gauge field.
So we can drop the a˜3µ U(1) gauge field and obtain the
following low energy effective theory in the Mott insulator
phase:
L =
1
4π
K˜2,IJ a˜Iµ∂ν a˜Jλǫ
µνλ +
1
2π
q˜2,IA
spin
µ ∂ν a˜Iλǫ
µνλ
(46)
where
K˜2 =
(
2 1
1 0
)
, q˜2 =
(
1
1/2
)
. (47)
Since det(K˜2) = −1, the state |Φ〉 (in the Mott insula-
tor phase) is a SPT state. So, such a low energy effective
theory describes a SU(2) SPT state, which has a spin
Hall conductance for the Sz “charge”
σxy = q˜
T
2 K˜
−1
2 q˜2
1
2π
= 2
1
4
1
2π
. (48)
We note that the spin Hall conductance is an even integer
in the unit of 14
1
2pi . Although the above discussion is for
spin-1/2 bosons, a similar construction can be done for
more physical spin-1 bosons, which give us a SO(3) SPT
state.
C. Projective Kac-Moody algebra of the edge
profile
Above quantum spin Hall effect gives the edge gapless
Hall current protected by U(1) subgroup of SU(2). In the
following, we shall construct the Kac-Moody algebra of
edge profile which is actually described by SU(2)1 WZW
theory as same as Ref. (15) where bulk non-linear sigma
model is applied.
Let’s define the U(1)L,R scalar density operators JL,R
and SU(2)L,R vector density operators JL,R as
JL,R =: Ψ
†
L,R;aΨL,R;a : , (49)
JL,R =: Ψ
†
L,R;a
~σab
2
ΨL,R;b : , (50)
respectively, where, ~σ denotes a matrix vector formed by
three Pauli matrices and a, b, ... = 1, 2, and summation
of common indices is implicit. ΨL is a two-component
gapless chiral fermion from the edge of f fermions; ΨR
is also a two-component gappless chiral fermion but from
the edge of c fermions. “::” is usual normal ordering op-
erator. The bosonized18 edges admit U(1)L,R×SU(2)L,R
Kac-Moody algebras as following commutation relations
(x, x′... are spatial coordinates of edge):
[JL,R(x), JL,R(x
′)] =
1
iπ
δ′(x − x′) , (51)
[JαL,R(x), J
β
L,R(x
′)] =iǫαβγJγL,R(x)δ(x − x
′)
−
i
4π
δαβδ′(x− x′) (52)
The bosonized edge Hamiltonian consists of the energy
of density-density interactions:
Hedge =
∑
s
∫
dxvs
[
π
2
: JsJs : +
2π
3
: Js · Js :
]
,
where, s = L,R. vL and vR are the Fermi velocities
of χFL (chiral Fermi liquid) of f and c systems, respec-
tively, which are nonuniversal constants depending on
7microscopic details of projective Chern band parameters.
The U(1) scalar density fluctuations must be gapped out
by considering the Gutzwiller projection.44 The resultant
edge theory at low-energies only consists the SU(2) vec-
tor density-density interaction terms with both of left
and right movers:
HProjectededge =
∑
s
∫
dx
2πvs
3
: Js · Js : ,
Therefore, the Kac-Moody algebra is reconstructed after
the projection as same as the result from non-linear sigma
model in Ref. (15).
V. CONCLUSION
In conclusion, a general approach is proposed to con-
struct bosonic SPT phases on 2D lattice with various
symmetries. Our approach is based on the projective con-
struction where the bosons/spins are fractionalized into
several fermions which occupy nontrivial Chern bands.
The bosonic SPT phases then can be constructed from
the fermion state by Gutzwiller projection. We can cal-
culate the low energy effective Chern-Simons theory of
the projected states, which allows us to determine what
kinds of SPT states are obtained after the Gutzwiller pro-
jection. We have constructed a U(1) SPT state, a SO(3)
SPT state, and a SU(2) SPT state for spin-1 and spin-
1/2 bosons. In particular, in the SU(2) SPT phases, the
U(1) charge is in gapless superfluid phase while the spin
degree of freedom is in SU(2) SPT phase.
The present approach can be generalized to more com-
plex continuous nonabelian symmetry group, such as
SU(N) SPT magnets. Moreover, generally the same ap-
proach can be applied to construct SET phases which
have intrinsic topological order (with |detK| 6= 1) pro-
tected by symmetry. Finally, the present general ap-
proach provides a systematical way to construct the trial
projective wavefunctions of 2D SPT states. In the fu-
ture work, it is quite interesting to search concrete mi-
croscopic spin/boson Hamiltonians that realize the mean-
field ansatzes and trial wavefunctions. And, many pro-
jective wavefunctions can be constructed in the approach
such that it will be attractive to numerically study the
ground state properties via numerical methods such as
variational Monte Carlo.
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